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ABSTRACT
In this paper, we show that an inner function f has finite entropy if and only if
its derivative f* lies in the Nevanlinna class. We prove also that the entropy of f
is given by the average of the logarithm of | f’|. The proof is based on the fact
that, even f being highly discontinuous on the circle, the action of f~" on Borel
subsets is smooth.

Introduction

We shall write D = {z € C| |z| < 1} and S' = {z € C| |z| = 1}. An inner func-
tion is a holomorphic map f: D — D such that for a.e. z € S' the radial limit
f*(z) := lim,_,, f(rz) belongs to S'. It is easy to see that f* preserves Lebesgue
measure X\ on S' if and only if f(0) = 0 and in this case f* is ergodic. Our aim is
to characterize the inner functions f for which the entropy 4, (f*) is finite and to
give a formula for calculating it.

Before stating the result, let us recall some preliminary facts. Every holomorphic
function f: D — D can be written as

— pi0 'all_z ) ( f{_—_‘—_z )
flr)y=e 111(‘1’ —— T k)

z € D, where g is a finite positive measure on 8! and (a;) is the sequence of zeros
of f (it can be empty). This sequence satisfies

Z (1 - ‘a,'l) < 00,

The function f is an inner function if and only if u is singular with respect to A.
The function f*:S' — 8! can be very discontinuous. If z € S! is a singular point
of f (i.e., z is an accumulation point of the sequence (g;) or is in the support
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of ) then f* maps every neighborhood of z onto S'. On the other hand, if z is
not a singular point, f extends holomorphically to a neighborhood of z.

The dynamics of a holomorphic map f: D — D is described by the following re-
sult due to Denjoy and Wolff [De]:

There exists p € D such that lim,_,, /*(z) = p uniformly on compact sets of D.
Moreover, if p€ D, f(p) =p and | f'(p)| < 1. In particular, a holomorphic map
f:D — D has at most one fixed point.

When f is an inner function and p is a fixed point of f, it is easy to prove that
the harmonic measure A, on S' is f*-invariant. Recall that \, can be defined as
the unique probability measure such that the integral of a continuous function
¢:S! > Ris given by

fslwdx,,w(p),

where { is the unique extension of ¥ which is continuous in D and harmonic in D.
It results then from the Poisson formuia that

d\, Z+p
=TP (z) =Re = =%,
d\ (2) ez—p

Aaronson [Al] and Neuwirth [N] showed that A, is exact, i.e., denoting by
®(S') the Borel g-algebra of S, the g-algebra @ := N, (f*)"(®(S')) contains
only sets of measure zero or one.

On the other hand, it follows from the results of Neuwirth [N] that if f* has
an invariant probability measure u absolutely continuous with respect to the Le-
besgue measure, then f has a fixed point p and A, = p. More on the ergodic prop-
erties of inner functions can be found in [A2], [Pol] and [Po2].

Our aim is to calculate the entropy of f* with respect to A, when f(p) = p. We
say that a holomorphic map g: D — C is in the Nevanlinna class (and we denote
this by g € N) if

supf log™|g(re)| df < co.
r<l Jg!
In this case, there exists the radial limit g*(z) = lim,_, g(rz) for a.e. z € S$! and

f |log|g*| | d\ < oo.
Sl

THEOREM A. Let f be an inner function with a fixed point p € D. Then
h\,(f*) < o ifand only if f* € N and in this case
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(%) = [ 108l |
Sl

This theorem was conjectured by Fernandez [F] and proved by Martin [M] when
the set of singular points of f* is finite.

Observe that to prove Theorem A we can assume without loss of generality that
the fixed point p is p = 0 (conjugating f with a Mobius map of D that maps p
to 0). Therefore, from now on, f will be an inner function such that f(0) = 0. The-
orem A is clearly a consequence of the following two theorems:

THEOREM A.l. Ifh(f*) < = then f' € N and

() = f log|(f)*| M.
Sl

THEOREM A.2. Iff' € N then

() < f log|(f")* | d\.
Sl

To prove Theorem A.l we shall use a result of Rohlin [R] which says that if T
is a measure preserving map of the probability space ( X,®, u), where X is a met-
ric space and @ its Borel o-algebra, and its entropy is finite, then 7" maps zero mea-
sure sets in zero measure sets and X can be partitioned in sets where T is injective.
This easily implies that 7 has a jacobian J7 that satisfies

n(T(A)) =f JTdy,
A

for every A € @ such that T| 4 is injective. Rohlin also proves that
h(T) = f log JT dp.
Sl

Theorem A.1 will follow applying these results to /* and using the partition given
above to show, relying on results of Heins [H], that f’ has radial limit a.e. Then
we shall show that the jacobian of f* is just |[( f')*| and the Rohlin inequality be-
comes the inequality in Theorem A.l. Finally, we shall use a result of Ahern and
Clark [A-C] to conclude that f' € N.

The proof of Theorem A.2 is subtler. One must keep in mind that Lebesgue
measure preserving discontinuous maps of S!, even being real analytic on an open
full measure subset of 8!, can have, due to the discontinuities, an entropy much
larger than the average of the logarithm of its derivative. For instance, it follows
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from Arnoux, Ornstein and Weiss [A-O-W] that there exist interval exchange
maps of S! with infinite entropy. The proof of Theorem A.2 will be based on the
fact that, even f* being highly discontinuous, the action of (f*)~" on Borel sub-
sets is smooth. More specifically, we shall show that there exist partitions ® of S!
into finitely many intervals such that, given 4 € ®, there exists an open disk D,
such that Dy N S! = 4 and a normal family of holomorphic functions Tj("):
D,— C, where n € N and 1 < j < #@'™ (we are denoting by ®‘® the partition
® v---v (f*)7"(®)), such that T/ (A4) C R and

N()T(S) N B) = f ™ ax,
N

foralln €N, SC A and B; € @',

Theorem A.1 will be proved in the next section and Theorem A.2 in section 2,
using certain partitions, that among other properties will satisfy those explained
above. The construction of these partitions is the objective of sections 4, 5 and 6.

This paper is a version of my thesis. I wish to thank specially R. Maiié, under
whose guidance this work was carried out, and also J. C. Yoccoz, P. Sad, W. de
Melo and C. Doering for several helpful conversations and corrections of the first
draft of the paper.

1. Proof of Theorem A.1

We start with a general result. Let X be a separable metric space and u be a prob-
ability on B(X). Let F: (X,B(X),n) = (X,B(X), 1) be an endomorphism with
h,(F) < c. Rohlin proved that F is countable to one (see definition in [Pa]) and
consequently satisfies the following properties:

(1.a) Fis positively measurable, i.e., if A € B(X) then F(A4) € B(X)(mod 0).

(1.b) F is positively non-singular, i.e., if A € ®B(X) and p(A) = 0 then
u(F(A) =0.

(1.¢) There exist disjoint Borel sets A;,A,,... such that u(UA4;) =1 and
F|,4, is injective, vi € N,

Using these properties, it is easy to prove the existence and uniqueness of a func-
tion JF, called the jacobian of F, such that

1(F(A)) =fAJqu,

when A € ®(X) and F|,, is injective.
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Rohlin also proved that
h,(F) 2f log JFdu.
X

Let us introduce the angular derivative. We say that an inner function f has an
angular derivative at x € S' if f*(x) exists and has modulus 1 and if (f')*(x) =
lim,_, f’(rx) exists. If f fails to have an angular derivative we shall write
|(f*)*(x)| = oo. Note that this does not imply that | f'(rx)| - o asr— 1.

If f has an angular derivative at x, then for every o > 1

tim f(z) = (%) _ '),
X Z—X
z2€l,(x)
where
r,(x)= [zED‘ l nkd <aI
- Iz|

is the Stoltz angle. More details about the angular derivative can be found in
[Ca,9298,299].
We shall need the following two theorems, proved in [A-C].

THEOREM 1.1. If f is an inner function given by

f(z)—emH(,le.]—a) < f”—zd(t)>

then, for all x € S',

L — a2
) =3

— +2f |x — )72 du(t).
i IX - ail s!
TueoreM 1.2. Iffis an inner function such that log*|(f')*| € £! then f' € N.
ProposITION 1.3. Let f:D — D be an inner function with f(0) = 0. Suppose
that f*:S' — 8! satisfies the properties (1.a), (1.b) and (1.c) with F = f*. Then the
Jacobian of f* is equal to |(f')*].

The proof of this proposition is given below. Another proof can be found in {H].
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It is now easy to prove Theorem A.1. We know that A, (f*) < o implies that
f* is countable to one [see Pa, ch. 10]. By Proposition 1.3 and the considerations
above, it follows that

M) = [ logl(re] an

It remains to prove that f' € N. But since f(0) = 0, using Theorem 1.1, we
have that |(f")*(x)| = 1, vx € S'. Hence log|(f’)*| = log*|(f")*| and therefore
log*|(f')*| € £'. Thus f* € N, by Theorem 1.2.

The rest of this section is devoted to the proof of Proposition 1.3.

Heins showed in [H] that if A € B(S") is such that f* |, is injective, then f has
angular derivatives at a.e. x € A. Therefore if f* satisfies (1.a), (1.b) and (1.c)
then f has angular derivatives a.e.

DEFINITION 1.4, We say that f*:S! —» 8! is almost uniformly differentiable if
for every e, > 0 there exists E C S! with A(E) > 1 — ¢y and such that f* | £ is uni-
formly differentiable, i.e.,

Ve >0, 36 > Osuch that if x € E, x + h € E, |h| < b then
|f*(x + h) = f*(x) — g(x)-h| <e-|h|,

where g:S!' - C is a function. This function is called the derivative of f* and is
denoted by (f*).

LEMMA 1.5. Suppose that f* has angular derivatives a.e. Then [* is almost
uniformly differentiable and

Yy ="
ProOOF. Given ¢, > 0, there exists E € ®(S') with AN(E) > 1 — ¢, and satisfy-

ing the following:
Given € > 0, there exists & > 0 such that if x € E, x + h € E and |h| < é then

() (x+h) = (f)(x)| e
|f(2) = f*(x) = (f)(x) (2= x)| <€ |z— x|
and

f(2) =" (x+h) = (f)'(x+h)(z—x—h)| <e|z—x—h,
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where z is the point of intersection of the line that passes through x making an an-
gle w/4 with the radius joining x to 0 with the line that passes through x + h mak-
ing an angle — /4 with the radius joining x + £ to 0 (see Fig. 1). Observe that z
satisfies

| 4]

i

jz—x] =7 |h| and |z—x—h|=§.

Since
[£*(x+ h) = f*(x) = (f')*(x) -k
=|f*'x+h) —f(2) +f(2) = (x) = (f)(x)
(2 =x) + (f)"()(z — x— h)|
< |fl2) = f*(x+ ) — (f)*(x)

(z=x=h)| +|f() -1 - ()X (z-x),

Fig. 1.
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it follows that
| f*(x + B) = f*(x) ~ (f')*(x)-h]
< |f)=f'x+h) = () (x+h)-(2—x—h)|
+ () +h) = ()] (2 —x = h)|
+ [ f(2) = () = () (x) - (2 = x)|
3V2

= Tf'lhi

Hence f* is uniformly differentiable in E with derivative (f’)*. Therefore f* is al-
most uniformly differentiable with derivative (f’)*.

Let us now prove Proposition 1.3. Since f* satisfies (1.a), (1.b) and (1.¢), there
exist sets A;,A4,,... with A(UA;) =1 and such that f* |,4,. is injective. Define y;
as the measure on A; given by

1i(S) = N Sf*(S)),
VS C A;. Then, by the definition of the jacobian,

i _ o ee
a U

Proposition 1.3 is a consequence of the following lemma:

LeEmMA 1.6. Suppose that f* is almost uniformly differentiable. Let A € S be
such that f* | 4 is injective and define the measure y on A by

1(8) = NS™(S)),

vS C A. Then
dp . ay
it

PROOF. Let E C A be a Borel set with A(E) > N(A) — €, and such that f*|g
is uniformly differentiable.
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Cram. u(S) < [5(J(f*)'| + €) d\, where e > 0 and S C F are arbitrary.
Indeed, take & > 0 such that || < é then
|fXx+h) = (%)= (Y)Y (x)-h| <e-|h],

foralxe Fand x+ hE€ E. Let {I,,...,1.} be a covering of S by open disjoint
intervals of length less than 6 and such that

vl < j < r, where v > 0 is arbitrary. Then if x; € S N I;, we have

MSS O L) < (Y (x5)] + €) M)

and therefore
ML) = 25 () (x)] + €)M,
j=1

This implies that

NI

*y d\
ANSNI) snl,('(f)l+€)

ANSH(S) = Z}

= +7)f (Y] +e)dn.
M

Since v is arbitrary, this proves the claim.

Since € and ¢, are also arbitrary, it follows from the claim that
dp y
— =< .
=1

At points where (f*)’ vanishes, the equality holds trivially. At the other points,
apply the same reasoning to the inverse of f* | 4, that we denote by g, and use
Lemma 1.7, that is proved below, to conclude that

du, |
an g’

= [(/Y].

This proves Lemma 1.6.
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LEmMA 1.7. Suppose that f* | 4 Is injective and has a derivative satisfying
(f*Y(x)#0,vx€E A. Let g: f*(A) — A be the inverse of f* ]A. Then g is almost
uniformly differentiable and its derivative is g'(x) = 1/(f*) (x).

Proor. Let E C A be a compact set with N(E) = A(A) — ¢ and such that
fr [ £ is uniformly differentiable with |[(f*)(x)| > ¢ > 0, vx € E, for some ¢ > 0.
Fix y = f*(x). Suppose that y + k € f*(E), i.e., y + k = f*(x + h), for some A
satisfying x + h € E. Then

k (f*(x+ h) = f*(x)
+ k) — - | = |h-
g(y+k)—g(y) (f.),(x)‘ ‘ 7Y@
< |f*(x+ h) = f*(x) = (f*)(x)-h|
< p .
If we take € < ¢/2, and |h| < 8(e), then
c
1= (5) 11
It follows that for |k| < (c/2)-6 we have
k 1
k) — —— | < - ¢ |h
g(y+k)—g(y TR s e |h|
52-e-|c—k2'.

This proves that g|,«g) is uniformly differentiable with derivative g'(x) =
1/(f*)(x). Hence g is almost uniformly differentiable and g’(x) = 1/(f*)(x).

2. Transition functions, jacobians and the proof of Theorem A.2

In this section we reduce the proof of Theorem A.2 to Theorem 2.2 below.

Let F:(X,Q,n) —» (X,®,u) be an endomorphism of a probability space
(X,Q, ). Given A,B € @ define the transition function, T,zF:A — R, by the
property

f TusFdp = p(F~1(S) N B),
s

vS C A. By the theorem of Radon-Nykodim T, zF exists and is unique.
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Let ® be a partition of (X,®, ). We denote by ®{"(x) the atom of @ :=
@ v---v F~"® that contains x. Let x € S' be such that Tip(rnye e F"(F"x) # 0.
Define the nth jacobian of F with respect to @ at x by

J§VF(x) = [To(rrxyotm o F " (F"x)] 1.

LEMMA 2.1.  Suppose that Tepnyew o F"(u) # 0, for a.e. u € ®(F"x). Then

f J§"Fdp = p(8),
F~($)N® (x)

vS C ®(Fx).

PRroOF. Write JC = @ N ®(F"x). On the space (®(F"x),3C) we have the mea-
sures 1, (S) = u(S) and 7,(S) = w(F~"S N @ (x)).
By definition,

dn,
-_— = T@(p'lx)(p(")(x)F".

dn,

Write F = F~"3C N ®”(x). On the space (@™ (x),F) we have the measures
£,(A) = u(A) and £,(A) = u(S), where A = F7"S N @M (x). We can prove,
using the hypothesis of the lemma, that £, is well defined.

Since (F")*y, = £, and (F")*y, = £,, we have

dy _dn g,

dt, dn,

and therefore

dt, (dﬂz )_]
—= =[—=oF"} .
dt, dn,

We conclude that

f J§"Fdu = u(S),
F=1(8S)NE® " (x)

proving Lemma 2.1.

Recall that if H:I— R is a function defined on the interval I, the oscillation of
H is defined by

osc H= sup |H(x) — H(y)|.
x,yel
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THEOREM 2.2. Given € > 0, there exists a partition ® = ®, = {I,,...,1,} of S!
into intervals satisfying the following properties:

(P1) Write ®™ = (B,,...,B;}. Then T;5,(f*)" is real analytic, v1 < i < p,
l<j=<s.

(P2) Let B,,...,B, be the atoms of ® such that (f*Y(Bj) = I;, where
2<is<p-1andB,,,,...,B; be the atoms of ®'" such that (f*)"(B;) = I,
wherei=1ori=p.

Then there exists A = A(e) > 0 independent of n such that:

2, 05c(Ty,p,(f*)") < A.

j=1
(P3) Ifi=1ori=p, then
|I,| <e.

(P4) p-e< L.
Moreover, if (¢;) is a sequence decreasing to zero, we have

PS5 e, =C,=---
and

(P6) V (f*)"®, = B(S").

n=0

The proof of this theorem is the aim of sections 3, 4, 5 and 6. Let us see how
Theorem A.2 follows from Theorem 2.2.

In the calculations that follow, we shall write f instead of f*.

We write B; = ®”(x) and [; = ®(f"x). It follows from property (P1) that if
N(B;) > 0 then T;, 5, f"(u) # 0, for a.e. u € [;. It results then from Lemma 2.1
that

NI = f J§f(y) dN(y).
B;

J

Then
A [ f T f () = J§ f(x) ]
=Jp d\ .
(*) )\(B) f(x) )\(B) (n)f( ) (»
But

IS () — T f(x)
IEF() IS f(x)

=Ty,8,/"(f"y) — T1,8,f"(f"x)
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and therefore

J&F(p) = IS f(x) .
? J&n)f(xd; < J§" f(y)osc(Ty, 5, /™).

Replacing in (*), we have

A ()

(n)
B)) =< Js f(x)[l +

l n
N, sl fB , J§ ’f(y)dMy)].

Using Lemma 2.1 and the inequality e* = 1 + x, which holds for vx € R, we
obtain

N T)
N(B))

A, n
—}ﬁ < J§ )f(x)exp{

OSC(TIiij")}-
Write ¢ = inf,<;<, AN(/;). Then

C
A(B))

< J§" f(x)exp { osetTs, /™) ] )

A(B))
Take logarithms in the above equation and integrate over B;. It results that
(logc — log AN (B;)A(B;) = fz; logJé"’fd)\ + osc(T},.ij").
J
Summing in j from 1 to r,
logc 2:1 A(B;) — j‘i A(B;)log A (B;)

J
(%x)

< f log J§"fd\ + 3 osc(Ty,p,f").
U j=1

=18, J
From property (P3) it results that 3;7_; A(B;) = 1 — 2¢. Then, from the inequality

t t t
—Zl ajloga; < Z‘{ aj<logt - log z: aj>,
= Jj=

J Jj=

which is valid forevery 0 <a;, <1, 1 <j < ¢, we have

— i A(Bj)log N(B)) < 2e[log(s — (r + 1)) — log 2¢]

J=r+l1
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and since s — (r + 1) < 2p”, we conclude that
Ay
— 27 N(BjlogM\(B;) = —2elog2e + 2nelog2p.
J=r+1

Replacing these inequalities in (*#*) and using property (P2) we obtain
1
logc(1 — 2¢) + Hy(®™) — 2¢log 5~ 2nelog2p < f log J{PfdX\ + A.
€ s!

Divide now the two members of the inequality by #» and make » go to infinity. It
results that

1
h (f,®) — 2elog2p < lim sup - f log JS fd.
n—oo s!

It follows from property (P4) that the second term of the first member of the in-
equality above tends to zero, when ¢ decreases to zero. Hence

1
lim Ay (f,®.) < lim sup — f log JS"fdN.
e—0 s!

n—-o n

The limit of the first member exists by property (P5). Besides, it follows from (P6)
that this limit is exactly #,{f). Thus

1
(F%x) Iy (f) = lim sup —f log J§"fdX.
n—oo n s!

PROPOSITION 2.3. Let f be an inner function with finite angular derivative a.e.
Then
0 M=) and
(2) f" has finite angular derivative a.e., with
n—1

Y1) =TT I ()l

j=0
fora.e. x e S
ProoF. Suppose that f has finite angular derivative (f’)*(y) at the point y.

Then the image of any curve which is orthogonal to 8! at y is orthogonal to S' at
f*(»). This is sufficient to prove (1). Moreover, if 0 < r < 1

n—1
Iy (o)l =TT ().
Jj=0
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Making r tend to 1 and using the observation above we conclude that
n—1 )
Y1) =TT 1))
j=0

for a.e. x € S'. This proves (2).

PROPOSITION 2.4. Let f be an inner function, f(0) =0, and ® be a finite par-
tition of S'. Suppose that f' € N. Then

ISV fHx) < |7 1%(0)]

fora.e xe 8.

PRroor. Since f’ € N, f has finite angular derivative at a.e. x € S'. It follows
then from Lemma 2.3 that the same holds for f” and that (f")* = (f*)". Heins
proved in [H] that in this case (f*)" satisfies the properties (1.a), (1.b) and (1.¢)
from section 1. We have then the jacobian of (f*)", denoted by J[(f*)"], as in
section 1. And it follows from Proposition 1.3 that J[(f*)"] = |[(/")']*].

Let A,B€ ®(S') be such that (f*)"(B) = A. Then it follows from the defini-
tion of the jacobian that

f JIS)"TdN = N(A),
B

with equality holding if and only if (f*)” | g 18 injective. Suppose now that 4 €
®(f*)"(x)) and B € ®"(x). It follows then from Lemma 2.1 that

f JEf*dN = NA).
B

Hence
& x) < JUS ) = U 10!

for a.e. x € S'.
Using Lemma 2.3 and Proposition 2.4 we conclude that

1
! f log JPfd < f log|(/)*| M.
n Jgt s!

This, together with (%%}, proves Theorem A.2.
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3. Distortion lemma

Let g: C — C be a finite Blaschke product with g(0) = 0. Let U C C be an open
set conformally equivalent to D, not containing 0 and symmetric with respect to
S!. Let ¥ be a union of connected components of g ! (U).

Define G,: U - R by

G, (z) = >, log|w|.
g(w)=z
weV
It is clear that G, is well defined and harmonic on U\ V(g), where V(g) is the set
of critical values of g. Moreover, G, is bounded. We can therefore extend it to a
harmonic function on U.
Let G: U - C be a holomorphic map such that Re G = G,. G is unique except
for an additive constant.

Lemma 3.1. (1) G'(z) #0,vze UNS..
(2) Write UNS! = (a,b). Then

b
G(b) — G(a) =if |G| d\.

3) [2|1G' | dn =NV NSY).

ProoF. (1) Consider a point zo € UN S!. Since G is a holomorphic map, G is
equivalent to the map z — (z — Zo)* in a neighborhood of z,. But G takes D N U
into Re(z) < 0 and DN Uinto Re(z) > 0. Therefore k = 1 and hence G'(z,) # 0.

(2) Indeed, G takes U N S! = (a, b) injectively onto an interval of the imagi-
nary axis. Hence

b
G(b) — G(a) =if |G’| d\.

a

(3) Suppose that z € U\V{(g). Then

1
G()= 3 —w
gw=z W
weV
Hence, for every z€ UN S,
1 1

G'(z) = - ;
Zgm=z |8 (w)]
wevV
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and therefore

1
Gl = .
6@ = % oo
welV

From this, (3) follows easily.

When we want to emphasize the dependence of G with respect to the Blaschke
product g and the union of connected components V of g~!(U), we denote G
by G, v-

We recall that a family F of holomorphic functions in € is said to be normal if
every sequence in F has a subsequence which converges uniformly on compact
subsets of Q.

ProposITION 3.2. Write G = {Gg, Vlg is a finite Blaschke product and V is a
union of connected components of g~ (U )] . Then G is a normal family.

Proor. Write E(/},) = {2 € C|z =iy, I, <y < L]°. It follows then from
3.1(2) that G, , avoids the set E(—iG(a),—iG (b)) and from 3.1(3) that —iG(b) +
iG(a) < 1. '

Thus, given a function in G, it omits the segment E(1,2) or else the segment
E(4,5). Therefore, for each sequence in G, there exists a subsequence that omits
a whole segment of the imaginary axis. Hence, by Montel’s theorem, this sub-
sequence has a convergent subsequence, proving the proposition.

Write D, = {z € C| |z| < r}.

DEFINITION 3.3. Let v > 1 be a real number. Let U and U, be open sets con-
formally equivalent to D such that UC U, and let y: U, = C be a Riemann map
of U,. We say that U, is a ~-extension of U if Y (U) CDy,,.

Consider a y-extension U, of U.
Let G: U, — C be a holomorphic map whose real part is given by

ReG(z) = 3 log|w|,
g(w)=z
wev,

where V, is the union of the connected components of g~'(U,) containing V.
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ProrosiTiON 3.4. Suppose that (_;IU = (. Then there exists a constant A =
A(v,U,) such that

|G"(2)] = ANV, NS,
vx e U
Proor. Consider the family
iG
JC = H= - — y
{ G(b) - G(a)}

where H = H,, v, varies with the Blaschke product g and the union of connected
components V, of g X U,). We can prove, as in Proposition 3.2, that 3C is a nor-
mal family (see Fig. 2).

Hence there exists B = B(y, U,) such that

|H(z)| < B,

vze U, vH e X.

Fig. 2. Case where G|y # G.
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Therefore there exists A = A4(«y, U,) such that
|H"(z)| < A,

vzeU vHe K.
The proposition then follows from Lemma 3.1(3).

4. Markov partitions

Let g: C — C be a finite Blaschke product. We write g* = g|s:.

DEFINITION 4.1. A partition ® = (I),...,I,} of S into intervals is a Markov
partition with respect to g* if for every branch ¢:1, > S' of (g*)~' we have:

S(H)NIL# D= () CI,
Vi<ij=<p.

DEFINITION 4.2. Let ® = {I,,...,1,} be a Markov partition with respect to
g"*. We say that ® is compatible with g if there are disks U;, 1 < j < p, symmet-
ric with respect to S!, satisfying:

() UyNS'=1,vl<j=<p,and

(2) If Vis a connected component of g ~'(U;), then

VNL+@=VNS'ClI,

vi<i j=<p.
The disks U; are said to be associated to I;, 1 < j < p.

DerINITION 4.3, Let ® = {1}, ...,1,} be a Markov partition with respect to g*
and compatible with g. Let B;, 1 <j < r be the atoms of ®™ :=® v-..v g~"®
such that g"(B;) = I; with i # 1 and i # p. We say that ® has bounded distortion
if there exists a constant A independent of » such that

2 sup|(T;,58"Y(2)| < A.

j=1 z&€IJ;

We recall that 7T,z F denotes the transition function associated to A, B and F (see
section 2).

ProrosiTioN 4.4.  There exist Markov partitions with respect to g*, compatible
with g and with bounded distortion.

The rest of this section is devoted to the construction of these partitions.
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Fix any z, € D which is not a critical value of g. Let g;, 1 i< k + 1, be the
zeros of g — z, ordered according to 0 < |a;| <- -+ < |ayy| < 1. Let §, 1 <i=<k,
be the fixed points of g* ordered according to the trigonometric direction. Con-
sider curves C;, 1 <i < k, C'-near to the lines joining {; to z;, and such that they
don’t contain critical values of g. Let L;, 1 < i < k, be the lifting of C; by g hav-
ing ¢{; as base point and let a,(;, be the end point of this lifting.

LemMA 4.5. Suppose that 0 < |a;| < |a;| < R < 1. Then there exists iy,
1 < iy < k, such that L, intersects Dg.

Proor. Suppose that there are indexes i; <---< i, such that s(i;) =
s(i2),...,5(izm-1) = S(iam). Let Fj, 1 <j < m, be the curves L;, , vL,-;d.1 and E;,
1 < j < m, be the arcs of the circle joining {, to §;, ,,. Consider the closed curve
C=F,vE,v---v F,vE, and denote by S the region interior to this curve. Sup-
pose also that S is minimal in the sense that there doesn’t exist a proper subset of
S that is the interior of a curve constructed as above. We shall calculate now the
number of zeros of g — z; in the region S.

On a curve F; there is exactly one zero of g — 2y, p; = si,;_,) = @s(iyp)- Modify
the curve F; in a neighborhood of p; in the following way:

Let D; be a small simple curve in the intersection of a neighborhood of p; with
the exterior of S, joining a point of L;,_ to a point of L;, (see Fig. 3). Let F; be
the curve obtained from F; replacing the part between these points by D;. Con-
sider the curve C’ = F{v E; v---v F}, v E,, and denote by S’ its interior.

The number of zeros of g — z; in S is equal to the number of zeros of g — z; in
S’ minus m. The number of zeros of g — z, on §’ is equal to the index of g(C")
around z;, which is precisely

m
(*) 1+ nm+m
J=1
where n; denotes the number of fixed points of g* in E;.

We shall explain this formula now. Each arc E; is mapped by g onto a curve
which starts at {;, , gives 1 + n; complete turns around the circle and then ends at
$iyer- And a curve Fj is mapped by g onto a curve G; joining §j,._, to {j,, without
self-intersections. Moreover, we can see that G, vE,v:---v G, v E,, is a closed
curve containing z, in its interior. This proves that the index of g(C’) around z,
is given by (*).

On the other hand, the liftings L, starting at {; € E;, 1 < j < m, must end at dis-
tinct zeros of g — z, belonging to S, by the minimality of S. Hence the number of
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zeros of g — z; in S that are end points of some lifting L; is 272, n;. Comparing
this with the number of zeros of g — z; in S’ we conclude that there is exactly one
zero of g — z, in S that is not an end point of some lifting L;.

Suppose now that the whole disk Dy is contained in a region S like above.
Then there exists a lifting L;, that ends at a, or a;. In particular, this lifting inter-
sects Dg.

On the other hand, if Dy is not contained in any region S like above, it is clear
that a lifting L, intersects Dg.

This proves Lemma 4.5.

Fix 0 < |a,| < |a,] < R < 1. We shall denote by &, the point {;, and by C the
curve C;, obtained in Lemma 4.5.

Let §;, 1 < i < p, be some pre-images of £, by g* such that the liftings L; of
C by g having £; as base point intersect the disk Dg. Consider the partition ® =
{h,...,I,}, where I, = [§,,§;,1], if 1 <i<p—1,and [, = [£,,§].

ProposITION 4.6.  ® is a Markov partition with respect to g* and compatible
with g.

Proor. It can immediately be seen that ® is a Markov partition with respect
to g*. Let us verify the compatibility with g.
Write r = (2 + R)/3 and define

U={zeC|r<|z| <rlarg§ <argz<argf,

v2<i<p-—1 Let9(t) = (1 — 1)e? ™, t € [0,1], be a parametrization of C.
Define also

U ={zeC|r<|z| <r,0(z]) <argz <arg §,}
and
U,={z€C|r<|z| <r ' arg, <argz < 0(z))}.

Let V be a connected component of g ~!(U;). Assume, to obtain a contradic-
tion, that VN I;, # @ and V N I, # &, where i, and i, are distinct indexes. Then
there exists a curve in V joining a point of J;, to a point of f;,. Observe that, by
the Schwarz lemma, V doesn’t intersect D and hence this curve must intersect
L;,, for some index i;. But a point of intersection of these curves must be in
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V C g7 (U,) and in L;, C g '(C). This is impossible, since by construction
U; N C = D (see Fig. 4). Thus @ is compatible with g.

Let o € S' be such that arg ¢, < arga < arg ¢, and g(a) = £;,, for some
1 = i, < p. Consider the partition @, = {J,J;,...,J,}, where J, = [§,a],
Jh=la,&land J;=1,v2<i<p.

PROPOSITION 4.7.  Suppose that there exists a curve C, starting at &;,, intersect-
ing Dy and such that its lifting by g having o as base point, denoted by L,, inter-
sects Dg. Then ®, is a Markov partition with respect to g* and compatible with g.

Fig. 4. The connected components of g ! (U) do not intersect the curves L;.
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Proor. Define
Wo={z€C|r<|z| <r,0(z|) <argz < arga},
W,={zeC|r<|z| <r'arga <argz<argf,},
Woi1={z€eC|r<|z| <r ' argt;, ., <argz <6,(|z])}
and
W,={zeC|r<|z| <r,8,(z]) <argz < arg &1},

where 7,(¢) = (1 — t) -, ¢ € [0,1], is a parametrization of C,. Define also
W; = U,, for the other indexes i. We shall show that ®,, is a Markov partition with
respect to g* compatible with g with associated disks W;, 0 < i< p.

Since ® is a Markov partition with respect to g* compatible with g, we must
only verify that if ¥ is a connected component of g ~!(W;) such that ¥ N S! C
[£,,£2], then in reality VN S' C [£;,a] or VN S! C [a,£,].

Observe that we took W; as a slight modification of U; in such a way that it
doesn’t intersect the curve C;. If VN [£,a] # D and VN [a, £,] # O, since V
doesn’t intersect Dy, and using the hypothesis, we conclude that VN L; + &.
Hence there would exist a point in ¥ whose image would be in C,, which is a
contradiction.

This proves Proposition 4.7.

LemmA 4.8. Let ® be a partition of S' into intervals. Fix I, € ®, B;€ ®™
and let U; be an open set such that U;N S' = I,. Consider a holomorphic function
G,,;,;: U — C whose real part is given by

Re G, (z) = 3 log|w|,
g (w)=2
wevy;

where V; is the union of the connected components of g ~"(U;) that contain B;.
Then

T,,.ng"(z) = |G;1,i,j(z)| s

vz € I;. Consider a holomorphic function (_},,,,», ;: Ul = C whose real part is given
by

ReG,;;(z) = 3 log|wl|,
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where U} is a y-extension of U; and V] is the union of the connected components
of g7"(U?) that contain B;. If G, ; ;|v, = Gn,.,» then

(Ty,58™)(2)| = ANV NSY),
vz € I;, where A is a constant that depends only on the regions U; and U}

Proor. Indeed,

1
|Gl = 2 T;,58"(2),

el @YW

wEB,

vz € I;. The second claim is a consequence of Proposition 3.4.

LemMA 4.9. Let ® be a partition as in Proposition 4.6. If 2< i< p — 1, there
exists a y-extension U] of U such that G, ; j|u, = Gn.; ;-

Proor. We write ry = (1 + 2R)/3 and dy = min{|/;|; 1 < i < p}. Define
U'={ze€C|rn <zl <ri',argt; —dy/2 <argz < arg§;,, + do/2},

v2 <i=<p— 1 Then U/ is a y-extension of U;, for a certain y = y(R,d,). Be-
sides, U} doesn’t intersect C. So we are sure that each connected component of
g7 "(U)) intersected with S! is a subset of an atom of ®. It follows then that the
holomorphic functions G, ; ;: UY - C whose real parts are given by

ReG,;;(z) = 2 log|w|
g™ (w)=z
weV)

are really extensions of G, ; ;, proving the lemma.
ProposITION 4.10. The partitions ® have bounded distortion.
Proor. It follows from Lemmas 4.8 and 4.9 that if 2 < i< p — 1, then
(Ty5,8")(2)| < ANV} NSY),
vz € I;. Equivalently

su?I(Tl,-ng”)’(z)l < ANV NSY).
zel;
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Since each point of §' can be, at most, an element of two U/, 1 < i < p, the same
is true for the V}, 1 < j <s. Hence

UHEY
j=1

and therefore

2. sup (T, 5,8")(2)| <24,

j=12€l
proving that the partitions ® constructed above have bounded distortion.

ProposITION 4.11. Consider a partition ®,, as in Proposition 4.7. Let Z be a
neighborhood of L, without critical points. Then ®, has bounded distortion with
a constant that depends on g(Z).

ProOOF. We prove first that if 2 < i < p — 1, there exists a y-extension W} of
W, such that G, j|w, = Ga,i;- Let do = min{]J;|;0 < i < p}. Define

Wy ={z€C|r<|z|<ri'arga —dy/2 < argz <arg{, + do/2},
wY

o—

1= [z€C|n < |z) <ritargé;, ) — do/2 < argz < arg§;, + d/2}
and
Wl={zeC|rn<|z| <ri'arg§, —d/2<argz<argfi + do/2},

where d is such that g(Z) D X := {z € C|r, < |z]| < r{',argf, —d <argz <
arg £, + d}. For the other indexes take W = U7, as in Lemma 4.9. Then W/ is
a y-extension of W;, vl <i<p — 1, where y = y(R,dp,d). And if i # jjand | #
ip — 1 we prove as in Lemma 4.9 that G, ; ;|w, = Gn,i,;-

The difficulty that appears in this case is with the indexes iy — 1 and i, (recall
that g(a) = £;,). The extensions W _, and W] intersect the curve C; and hence
a connected component of V} of g~ (W} _;) or g ' (W) that intersects [«, £,]
can also intersect [£,,a].

But since the connected components of g ~'(X) are simply connected, we have
that, in the first case, g(V} N [a,£,]) C I;,, while in the second case, g(V;} N
[£1,a]) C L.

This proves that the functions G, ; ;: W] — C are really extensions of G, ; ;, if
i=igori=1iy— 1.

Applying then the same reasoning used for the partition @ in Proposition 4.10
we prove that ®, has bounded distortion, with a constant that depends on g(Z).
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5. Limit behavior of the Markov partitions associated to approximations of f

Let f be an inner function with f(0) = 0. It is well known that there exists a se-
quence (f;) of finite Blaschke products converging uniformly to f on compact
subsets of D. Let C, be the basic curve used in the construction of Markov par-
titions with respect to f; compatible with f, which was done in section 4. And let
L;, 1 = i< degree(fy), be the liftings of Cy by f;. Define

£R,k = {L,-,k|L,',k ﬂ DR * @]
LEMMA 5.1. There exists N = N(R) € N such that s, := #£z , < N.

ProOF. Write 5(¢) = limy_ . n4(#), where n,(¢) is a parametrization of C;.
Then 7 is a parametrization of a curve C, C'-near to the line joining w, to z,. We
are considering that z; is the end point of the curve Cy, vk € N, and that the
starting points w, , are converging to w;.

Take 0 < R < 1 such that f(Sg) intersects C transversally, where Sz =
{z€D||z| =R}. Say n(t;) € f(Sg), 1 i<l Write A; = (t;,1;1), 1 si<[—
1, Ao = (0,1)), and A, = (¢;,1). Then, for k sufficiently large, C, intersects f; (Sg)
transversally at the points n(#; ), 1 < i < /, forming the intervals 4;, =
(Lo tivni)s L <isl—1, Ao = (0,8,%) and A, = (114, 1).

Consider the function Ng ,: D\ f;(Sg) — N given by

Nei($) = L _Ji@)
27 Js, fi(2) — &
which indicates the number of zeros of f; — { on Dg. Consider also the function
Ni:Uozi=i A,k = N given by

dz,

N (1) = Ng i (mie(1)).

Then N, is constant in each interval A4; ;, and assumes the value m;, independent
of k. Hence

#{L; k| (Ai) N Dg + B} = my,

where «; ; is a parametrization of L; 4, and therefore
)
Sk = #£R’k < Zm,- =N.
i=1

Let w;x(R), 1 < j = 5¢.(R) be the starting point of L; , € Lr . It follows
from Lemma 5.1 that taking subsequences we can assume that s, (R) = s(R), if
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k = ko(R), and that w; »(R) converges to w;(R), if 1 <j < s(R). Write Q(R) =
(w(R); 1 <j < s(R)).

If R, < R,, then s(R,) < s(R;) and Q(R,) C Q(R,). Moreover, s(R) tends to
infinity when R tends to 1. The subsequence of ( f;) that we use for defining 2 (R)
depends on R. But, using the diagonal process, we can use the same subsequence
for defining Q(R;), where (R;) is a sequence tending to 1. Write @ = U Q(R;).

ProposiTiON 5.2. Let I C S? be an interval such that INQ = &. Then f* is
analytic and injective in I.

For the proof of this proposition, we shall need the following theorem, due to
Frostman, which can be found in [Co, p. 50].

THEOREM 5.3. Let f be an inner function. There exists a set E(f) C D of zero
capacity such that if ¢ &€ E(f) then T; ¢ f is a Blaschke product, where

72—
1-£z
PROOF OF PROPOSITION 5.2. Observe first that, if z, & E(f), then f* is analytic

at x € S! if and only if the sequence of pre-images of z,, denoted by (a;), doesn’t
accumulate at x.

T, (2) =

Suppose that f* is not analytic at x € I. Then there exists a subsequence of (a;)
converging to x. We shall denote this subsequence by the same indexes of the orig-
inal sequence.

Fix0<R< 1.

CramM. We can assume that L; , € £ for only a finite number of values
of k.

Indeed, suppose that jo is such that L, , € £ « for infinite values of k. Then
taking subsequences of (f;) we can assume that L; , € £z, for all values of .
Therefore, it follows from Lemma 5.1 that

#li#jo|Lix € Lri}<=N-1L

We exclude then a;, from the sequence (g;). If there exists another j; such that
Lj, « € £ for infinite values of k, we repeat the procedure and exclude a;, from
the sequence (a;). It is clear that after at most N steps of this procedure we will
arrive at a situation where for each j €N, L; , € £ for only a finite number of
values of k.

This proves the claim.
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Then, given j, there exists ko = ko () such that L; , & £ , if kK > ko. And the
liftings L; , end at points a; , satisfying lim,_,., @ x = a;. Since w & I, Vo € Q, we
can assume that L; , intersects C,, (or C,,), if kK > ko, where we have used the fol-
lowing notation:

Iis the interval (a, b), J; is an interval contained in (x, b); J; is an interval con-
tained in (a,x) and

C,={re?|0=<r=1e%€J}.

We conclude that if e € J; (or J,), there exists z, = |z;|e®, with |z;] > R
such that f,(z,) € C,. It follows then from Proposition 5.5, proved below, that
f*(e®) = w, for a.e. e € J;. This contradicts the fact that A((f*)™'(x)) =0,
vx € S!. Hence f* is analytic in 1.

If f* were not injective in I, there would exist { € I such that f*({) = w;. By
analytic continuation, there would exist {; € I, {; converging to { and such that
Je(§&) = w1, . Moreover, the lifting of Cy by f having & as base point would in-
tersect Dy, for some 0 < R < 1 independent of k. Hence { € @, contradicting the
hypothesis.

This proves the proposition.

LEMMA 5.4. Let f be an inner function with ' € N. There exists a sequence
(f%) of finite Blaschke products converging to f uniformly on compact subsets of
D such that

L=supf log| fi| d\ < oo.
k s!

Proor. By Theorem 5.3, we can choose £ € D such that T; o f is a Blaschke
product. Choose a sequence ( f;) of finite Blaschke products converging to f uni-
formly on compact subsets of D and such that (7; - f) is a sequence of partial
products of T - f. Then

(T o fi)' (O] < [Tz < fY)* ()],
vx € S!, and therefore

1+ |£]
- |£]

[(fieY ()]

IA

[((T; = f))*(x)]

[

—

IA

+|£|]2 "
RG]
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Hence

1
L5210g1—+—:% +f log|(f)*| d\ < oo,
_ .

proving the lemma.

PROPOSITION 5.5. Let f be an inner function with f' € N. Let (f,) be a se-
quence of finite Blaschke products converging uniformly on compact subsets of D
to f and satisfying the property of Lemma 5.4. Then for a.e. e” € S! the follow-
ing is true:

Given any sequence (2;) of points in D with arg(z) = 6 and converging to e,
there exists a subsequence (k;) such that f, (zi,) converges to f*(e”).

The rest of section 5 is devoted to the proof of this proposition.
Given « > 1, consider the Stoltz angle at e

leie—Z' }
— <aq.

T, (e = {z eD
1 — |z

If u is a function of D define
u(e®) = sup |u(z).
z€T, (e')

ProrosITION 5.6. Let f be an inner function with f' € N. Let (f) be a se-
quence of finite Blaschke products converging uniformly to f on compact subsets
of D and satisfying the property of Lemma 5.4. Then for a.e. e® € S there exists
a subsequence (k;) such that

SL}p(lf;ijl)*’ < oo,

Let us first see how Proposition 5.5 follows from Proposition 5.6.

Take the subsequence (k;) given by Proposition 5.6. We can suppose that
(fi, (™)) is converging to f*(e”) (see Lemma 6.1). Given € > 0, take jo > 0 such
that if j > j,; then

| £*(e?) = fi,(e”)| < e/2

and also

€
-zl <3 Stjl,p(lfzi,l)”-
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It follows that
|£*(e®) = fi,(ze )| < | f*(e®) = fi, (®)] + | i, (e") = fi,(2x,)]

=

+(1- Izk,I)SIJl,p(Ifé,I)” <e

™

proving Proposition 5.5.
Let us now prove Proposition 5.6.

PROPOSITION 5.7. Let g be a holomorphic function of D such that |g(x)| = 1,
vx €8'. Then

. . A 1 2r .
A t8esl #¢,i0 > S_a_f 1 it
(fe |lel"(e?) > B) = (22 o | loglg(e™)]

where « > 1, B > 1 and A, is a constant that depends only on «.

Proposition 5.6 follows from Proposition 5.7 in the following way:
Write

Eg i, = {e? €8'| | fi]* () > B, VB > ko)
and
1 2 )
L =sup —f log| fx(e")| dt.
k 27r o

By hypothesis, L is a finite number. Therefore, it follows from Proposition 5.7 that

A
ME <L —=
(Eg k) og §

and hence, since the sets Eg ; are increasing with &,

)\< U Ea,k) <L Aq

kEN log B8 ’

But if e & (Uren Es «), then there exists a subsequence (k;) such that
sup| fi, " (”) < oo.
J

Making 8 tend to infinity, Proposition 5.6 is proved.
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The problem is now reduced to proving Proposition 5.7. For this, we need to in-
troduce the following notion:

Let A be an integrable function on S'. The Hardy-Littlewood maximal function
of his

. 1 .
Mh(e®) :=sup —— | |h(e™)| dt
(e”) Py ), | |

where the sup is taken over the intervals 7 that contain e” in its interior.
We shall use two theorems concerning maximal functions, namely:

THEOREM 5.8. Let u be a harmonic function on D. Then there exists a constant
A,, depending only on o, such that

u* (e < A ,Mu(e®).

THEOREM 5.9. Suppose that h € £'(S'). Then, for any 8 > 0,

M{e® € ST MR(e®) > B)) < = | Al

2
B

The proof of these theorems can be found in [G, pp. 22-25]. Let us prove Prop-
osition 5.7.

Let g = B-g;, where B is a finite Blaschke product and g, has no zeros in D.
Since |g| < |&] in D,

A{e? eS| |g|*(e?) > B)) = A([e? €S| ]g*(e?) > B))
= M([e” € S'|log|g|*(e”) > log B)).
Applying Theorem 5.8 to the harmonic function log|g,| we obtain

A{e? €S| )g|*(e”) > B)) = N({e? € §'| A, Mlog|g;|(e”) > log B)).

But since |g| = |g,| in S!, M log|g;|(e”) = M log|g|(e”). Hence it follows from
Theorem 5.9 that

24, L
logB 2«

2x
A{e? €S| |g|*(e?) > B)) = f log|g(e™)| dt,
0

proving Proposition 5.7, since the constant 2 is not relevant.
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6. Proof of Theorem 2.2

Let f be an inner function with f(0) = 0. Consider a sequence (f;) of finite
Blaschke products with f; (0) = 0 converging uniformly to f on compact subsets
of D.

LeEMMA 6.1. The sequence (f{) converges to f* in the norm of the Hilbert
space £2(S!,C).

Proor. Let (f%) be a subsequence of (f¢) converging to a function F weakly
in £2(S',C). We have, using the Poisson formula, that for any z € D,

f(z) = }irgfk,(z)

2%

.1 ;
= lim 5 P(t) fr(e") dt,

[+ T Jo

and hence
1 (2 )
f(z) = —f P,(t)F(e") dt.
27f 0

Therefore, F(e) = f*(e"), for a.e. f € [0,27]. It results then, from the fact that
the unit ball in £2(S',C) is weakly compact, that the sequence (f}) converges to
Sf* weakly in £2(S',C). Denoting by ¢ , ) the hermitian product of the Hilbert
space £2(S!,C), we have

=6 = F =D+ Ty = 58 =TS
=2(1 — Re{f*, ).

But since the sequence (f§) converges to f* weakly, (f*,f+)) converges to 1 and
therefore (|| f* — fx ||2) converges to 0.

Another proof of this lemma can be found in [W].

Since (fx) converges to f* in £2(S',C), there exists a subsequence converging
a.e. In this section we shall always assume that ( f;) converges to f* a.e.

Let Fy,F: (X,Q,p) - (X,Q@, n) be endomorphisms. We say that (F;) converges
to F in measure if, for any S € @,

l}im p(F7U(S)AF(S)) = 0.
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LEMMA 6.2. Suppose that (F,) converges to F a.e. Then (F;) converges to F

in measure.

Proor. Take S € @. Then

p(FH(S)YAFY(S)) =f IxFeisy — XF-1(sy| du
X

= f |XS°Fk - Xs°F| dp.
X
But (| xs° Fx — xs° F|) converges to 0 a.e. The lemma follows by the dominated
convergence theorem.

LemMA 6.3. Suppose that (F,) converges to F in measure. Let A,,A,B,,B €
Q@ be such that p(A,AA) — 0 and u(ByAB) — 0. Then (T, g Fy) converges to
T,gF weakly, i.e., for any SC A,

lim nkBkadu=f T pFdu.
koo g s
Proor. Take S C A. Since

|w(F~1(S) N B) — u(Fi'(S) N By)| < u(F~'(S)AF'(S)) + u(BABy),

we have

Ilim p(F'(S) N BY) = w(FT'(S) N B),

and therefore

lim f Ta 5, Fedp = u(F~'(S) N B).
S

k—oo

We conclude that

lim f nkBkadl" = f T;ung[L
S M

k—»o0

COROLLARY 6.4. Let I,,I be intervals of S' and By, B be Borel subsets of S'
such that N(I,AI) — 0 and N(ByAB) — 0. Then (T, p, f) converges weakly to

Tisf™.

Proor. Immediate from Lemmas 6.2 and 6.3.
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DEFINITION 6.5. Let ® = {I,,...,I,} be a partition of S! into intervals. Sup-
pose that ® = lim;_,,, ®,, where @, = {I «, ..., ] are Markov partitions with
respect to fx and compatible with f;. Suppose also that the open sets U, , associ-
ated with the intervals I; , (see Definition 4.2) are converging to open sets U; con-
taining I, We say then that ® is a Markov partition with respect to f* compatible
with f.

REMARK. In the definition above, the open sets U, , are converging to the
open set U;, 1 =i < p, if for each compact set B C U, there exists ko > 0 such
that B C Ui,k9 if k> ko.

Lemma 6.6. Let ® = (Iy,...,1,} be a Markov partition with respect to f* and
compatible with f. Denote by B;, 1 < j <s, the atoms of ®™. Then T, 5 (f*)" is
real analytic, vn €N, vVl <=i=p, vl<j=<s.

Proor, If 1 =<i=< p, consider the open set U ; associated with the interval I, ,
of partition ®. Let V; , be the union of the connected components of f"(U; «)
that intersect B; ;.

Since the Markov partition ®, is compatible with f;, V; , N S! = B, ;. Hence,
if we denote by T : U, ;, —» C a holomorphic function whose real part is given by

Re T, = D, log|w|,
Je(w)=z

wE V. ¢
then |T%||,,, = Ty, .5, /% (see Lemma 4.8).

But it follows from Proposition 3.2 that (7;) is a normal family of holo-
morphic functions. In reality, these functions are defined in slightly different do-
mains, but this causes no difficulty since their domains are converging to the open
set U;. (We can apply the reasoning to any open set W; such that W.c U,.)

Hence there exists a holomorphic function T defined on U; that is the limit,
uniform on compact subsets of U;, of some subsequence of (7;). And therefore,
(IT%l|1,,) is converging uniformly to | 7”||,.

But we know from Corollary 6.4 that (T, , 5, fi) converges weakly to T 5 f",
and hence |T”||,, = T},5,f", proving the lemma.

DEFINITION 6.7. Let ® = {I;,...,I,} be a Markov partition with respect to f*
and compatible with f. We say that ® has bounded distortion if the partitions @,
have bounded distortion with a constant A independent of k (see Definition 4.3).

Lemma 6.8. Let ® be a partition with bounded distortion. Then ® satisfies
property (P2) of Theorem 2.2.
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Proor. If we denote by B; 4, 1 <j <r, the atoms of @™ which are taken by
(/%) onto I; ;, where i # 1 and i # p, then

25 sup [Ty, 5, (f2)"]'(2)| < A.
j=12€l;«
Taking the limit in £, we have
25 5up|lTy,5,(f*)" 1 (2)] < 4,
j=12z€l;

and hence

osc Tp,5,(f*)" < 4,
=1

J

which proves the lemma.

Let us prove now Theorem 2.2. Consider the set Q defined in section 5 and the
distinguished element w,; € Q.

Case A. f* is not analytic in any interval of the form (w;,b) or of the form
(b, w).

In this case, it follows from Proposition 5.2 that there exists 0 < R < 1 such that
Q(R) contains points w; € (w;,w; + €) and w; € (w; — €,w;). Take a subset Z(R)
of @(R) containing w(, w; and w; and such that #Z (R) -e¢ < 1. Consider the par-
tition ®, of S! into intervals whose extremities are the points of Z (R).

CLamm Al. @, satisfies property (P1) of Theorem 2.2.

@®, is the limit of the partitions ®,, that are Markov partitions with respect to
J% compatible with f;, by Proposition 4.6. Moreover, the open sets Uj , associated
with the intervals of the partitions ®, (see Proposition 4.6) are converging to the
open sets

U={zeC|r<|z]<r'argt <argz<argf,,)
if 2<i=<p-—1,to the open set
U={zeClr<|z| <r,6(1 — |z|) <argz < arg{,)
if i = 1, and to the open set
U,={z€C|r<|z| <r7',argf, <argz < 6(1 — |z])}

if i = p, where 9(¢) = (1 — t)e®®?, t € [0,1], is a parametrization of the curve
C = lim C;. Hence ®, is a Markov partition associated to f* and compatible
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with f. It follows then from Lemma 6.6 that the transition functions 7}, 5.(f )
are real analytic, proving that @, satisfies (P1).

CLamM A2, @, satisfies property (P2) of Theorem 2.2.

We know that the partitions ®; have bounded distortion with a constant A that
depends only on the open sets U, , and Uy, 2<i<p — 1 (see Lemma 4.8). Since
these open sets are converging to U; and U7, respectively, we can choose the con-
stant A independent of k. Hence ®, has bounded distortion, and therefore, by
Lemma 6.8, satisfies (P2).

The properties (P3) and (P4) are satisfied by the construction of the parti-
tion @,.

Case B. f* is analytic in an interval (w,,b) but not analytic in intervals of the
form (b,w,).

We can suppose, w.l.0.g., that f* is analytic and injective in (w;,w; + €) since
otherwise Q(R) N (w;,w; + €) # &, for some 0 < R < 1, by Proposition 5.2.
Then we would prove the properties (P1), (P2), (P3) and (P4) of Theorem 2.2 as
in case A.

We have that |(f')*(x)| > a > 1, vx € S'. Hence if f* is analytic and injective
in (f*)(wy,w; + €), 0 <j <N, then e-a” < 1 and therefore N < Blog(1/e),
where B is the constant 1/(log a).

Let N, be the smaller value of j such that f* is not analytic and injective in
(f*Y(w;,w; + €). Then, it follows from Proposition 5.2 that there exist w, €
Q(R) and ag € (wy,w; + €) with (f*)M(ag) = wg, for some 0 < R < 1. Write
aj = (" (), 1 =j=Np.

Take a subset Z(R) C Q(R) containing w, = £, and w; = £, and such that

(#E(R) + Blog l)e <1.
€

Let ®, be the partition whose intervals have extremities in the set Z(R) and in
{a;;0 < j =< Ny}.

We shall prove now that @, satisfies the properties (P1) and (P2) of Theorem
2.2 assuming that Ny = 1. If Ny > 1, the proof is similar.

Cramm Bl. @, satisfies property (P1) of Theorem 2.2.

Write ®, = {(Jo,Jy,...,J,), where Jy = [£1,00], o = [, §2] and J; =
[£:,8:41], if 2 < i < p, and denote by «g , the unique zero of the equation
fe(z) — &, « near ag. Then @, is the limit of the partitions ®, = {Jy x> J1.45- - -
Dok}, where Jo o = (&L 0k]s Tk = [oxs 82,0} and Ji g = (& k, Eivri ], if
2<i=<p.
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Since f* is analytic at o, we can choose 0 < R < 1, independent of k, such that
there exist curves C, , starting at £; . and intersecting Dr whose liftings by fi
having a; 4 as base point, denoted by L, 4, intersect Dg. We can also choose the
curves C; ; in such a way that they converge to a curve C,.

By Proposition 4.7, ®, is a Markov partition with respect to f; compatible with
Jx- Moreover, the open sets W; ; associated with the intervals J, ; are converging
to the open set

Wo=[z€C|r<|z| <r ',0(1 - |z|) <argz<arga}
ifi=0,
Wi ={zeC|r<|z|] <r'arga <argz<argé,]
ifi=1,

W,

0—

y={z€C|r<|z| <rtargf,_ <argz <6,(1 - |z])}
ifl-:Io— 1,
Wo={z€C|r<|z|<r™,6,(1-|z]) <argz < arg .}

if i = iy, and W; = U,, for the other indexes, where 5,(¢) = (1 — t)-e’®1(),
t € [0,1], is a parametrization of C,. Hence ®, is a Markov partition with respect
to f* and compatible with f and therefore, by Lemma 6.6, ®, saitsifes (P1).

CLamm B2. @, satisfies property (P2) of Theorem 2.2.

Let Z be a neighborhood of L, , where f; has no critical values, vk = k,. We
can choose such a Z independent of k, by the analyticity of f* at «. It follows
then from Proposition 4.11 that the partitions ®, have bounded distortion, with
a constant A independent of k. Hence ®, has bounded distortion and therefore,
by Lemma 6.8, @, satisfies (P2).

Properties (P3) and (P4) are satisfied by the construction of the partition @®,.

We now have to analyse the possibility that f* is analytic on an interval of the
form (b,w,;) and not analytic on any interval of the form (w,,b). But it is clear
that this case is analogous to the case B. Similarly, the case where f* is analytic in
intervals of both forms, (b,w;) and (w,, b), also can be reduced to case B.

We shall now prove that for every sequence of €’s tending to zero, the corre-
sponding sequence of partitions ®, satisfies properties (P5) and (P6) of Theorem
2.2,

(P5) is obviously satisfied. We must then prove (P6).
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PROPOSITION 6.9.
V (f)"e, = ®(Sh).

n=0
i=1

ProoF. Write
A = {x € S'|f* is analytic and injective at x},

Q = {q € S'| ¢ is an extremity of an interval where f* is analytic|
and
B=(AU Q).
Let 7 be a Borel set, T'C B. It follows from Proposition 5.2 that, for each x €
T, there exists /(x) such that |®,, _(x)| < ¢, where | E| denotes the diameter of E.

Hence T € V>, ®,,.
Define N:A - N U {o] by

N(x) = max{n € N| (f*)"(x) € 4}.

€/(x)

CrLaM. N is measurable in Vg1 (f*)7"®,.

Indeed, observe that:

If x € N™'(n)\Ugzo (S*)79(Q) and y € N7'(m)\Ugzo (f*) ~9(Q), where
m > n, then there exists / such that x and y are in different atoms of (f*)~"*V@®, .
This observation is a consequence of Proposition 5.2 and proves the claim.

Let R C A be a Borel set. To prove that R € V20,21 (f*)7"®,, it is sufficient,
by the claim above, to prove that R, = RN N~ (n) € V0,121 (f*) '@, YR E
N U {]}.

Casel. n=o

In this case, if x and y are in the same atom of (f*)~"®,, then |(x,y)| <a™",
where a = inf,cqs [(f7)*(x)|. Hence |R, N (f*)7"® (x)| < a7", VX € R,,.
Therefore

R.€V (e,

n=0
=1
Case2. n< oo
In this case, if x and y are in the same atom of (f*)~"*V®,, then (f*)"*'x
and (f*)"*'y are in the same atom of ®,, and are in B, by the definition of N.
Hence, if / is sufficiently large,

R, NV (f*)~ D@, (x)] <e.
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Therefore

R, € V (/)7"®,

n=0
=1

proving Proposition 6.9.

The proof of Theorem 2.2 is thus complete.
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